Complex Numbers and
Quadratic Equations

Short Answer Type Questions
Q. 1 For a positive integer n, find the value of (1—7)" Q —jg

n
Sol. Given expression = (1 —/)”%\ —lg

=A== m === () "
=[A=iPT (=) @7 = (1402 =20 (=) [oi2 = =]
=(1-1 2/)( =) = (=2)" @ (=)

= (=" @" =2"

13
Q. 2 Evaluate = (" +i"*?), where n ON.

n=1
® Thinking Process

Use 7 ==1,i" =(=1¢ =17 = —j andi’ =i to solve it

13
Sol. Given that, 21 (" +i"N,nON

:(. .2 .3 .4 .5

P2 it S 0

+i +I‘7 +/‘8 +/'9 +I‘TO +/11 +"12 _H'TS)

5

+ (12 +i% i +i5 4% +i7 48

+i9 +/1O +/-11+I-12 +/13 +’-14)
=(+2i2 +2i% +2{% +2i% +2i% +2j7 +2i8+2i% +2i10 +2i" +2/12 +2/1% +/1%)
=] =2 =2i +2 +2i +2(i1)i% +2())*i® +2(i%)* +2(i%)%i +2(i%)°

+2(1%)° M +2()° +2(%)° m+(%)
S =2 -2/ +2 42 2 2 +2 +2] 2 i #® ®j A-1+]
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Alternate Method
13 13
"+ n0ON T "W A)
n=1 h =1

=1+ +i% +i% +i% +i% +i% +i7 +i8

0 4

" _H'WZ _'1'13]

12
SA+N)[™] [ "+ +"2 473 =0, wherenON i e., z i"= 0

=(1+i)i

= (% +i) =i—1

Q.31f g—g %g = x +1y, then find (x, y).

® Thinking Process

If two complex numbers z,= x, +iy'and z, = x, +1y, are equal

e,  z;=z, O x,+iy,=x, iy, then x,=x, and y,=y;.

. 3 . 3
Sol. Giventhat, %1%% —g%@ =x+iy

3

0 +/§:1+/ +3I(+)_1-i+3i +3

=i
_2i-2 =1 _1=i

=2 =2 =i=1 1+

1-i% =3i(1=i) 1+i-3i +3i®

(1=i)(=i)_1+i*=2i _1-1-2i

a+iQa-=i 1+1

O g =
Similarly, %@ _____

Using Egs. (ii) and (iii) in Eq. (i), we get
- =i =x+iy
O - 2F & Iy

On comparing real and imaginary part of complex number, we get

x=0and y=-2
So, (x, ¥)=(0 -2)

+\2
Q. 4 Ifu = x +iy, then find the value of x + y.

2-1
2
Sol. Given that, (12*'/? —xtiy
-
A+i2+2i)_ .. o
. = x+ly O ——=x+]
2~ e en T
2i@+1) . 4 + 22 '
. o -xtly O =x+i
e-ne+n 7 o y
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4 -2 . =2 4 .
=x+iy O —+—=x+]
4+1 / 5 5 Y
On comparing both sides, we get
x=-2/5 0 y=4/5
-2 4
0O x+y=—+_=2/5
yEote /

O

_ oo
Q.51f %@ = a+ib, then find (a, b).
1

100

Sol. Given that, g;/% =a+ib
+

100 100
-N-NE" _. .k O D1+/2—2/% Catib
Hi+i) a-nH 0 1-i2 O
g 2 1% b 2
=a-+ . = =
%_27@ a+i [ ]
| (Y =a+ib O 1=a+ib
Then, a=1and b=0 Foi® =1
0 (@ b)=(1,0)
. . . 1+a
Q. 6 If g = cosB +isinB, then find the value of 1=
-a

® Thinking Process

To solve the above problem use the trigonometric formula cos® =2cos’8/2
—1=1-2sin°8 /2 and sin® =2sinB /2 [&osB /2.
Sol. Giventhat, a=cos®+isin®
0 1+a _1+cosB+isin®
1-a 1-cosB-isinB
_1+ 2c0s26/2 —1 +2isin 6/2 [Bos 6/2 _ 2cos 6/2(cos 8/2 + isin 8/2)
1-1+2sin? 8/2 —2isinB/2[@os B/2  2sinB/2(sin 8/2 —icos /2)
_2c0s 0/2(cos 6/2 + isin 8/2) 1

= =—_cot6/2
2isin0/2(cos 6/2 + isin 6/2) i
2 42
= +7{(:ot 0/2 =icot 6/2 g J = LB
/ 0 ! / 0
Q. 7 If 1+17)z = (1 —1)z, then show that z = —iz.
Sol. We have, (+iz=(-nz o Z2=071
z (+10)
. §=(1—/.)(1—/) . 5:1+/2—2/ S
zZ (+i)(1-i) z  1-j?
0 é _ 1-1-2j 0 é =
z 2 z
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ad z=-iz Hence proved.

Q. 8 If z = x +iy, then show that zZ + 2(z+Z) +b =0, where b (IR, represents

a circle.
Sol. Given that, z=x+Iiy
Then, zZ=x-ly
Now, zz+2(z+2)+b =0
O (x+iy)x—iy)+2(x +iy +x —iy) +b =0
d x2 + y? + 4x + b =0, which is the equation of a circle.

Z+
Q. 9 If the real part of f 2 is 4, then show that the locus of the point

z-1
representing z in the complex plane is a circle.
Sol. Let z=x+iy
Z+2 _x-iy+2
z-1 x-iy-1
[(x+2) =i y][(x =1) +iy]
[(x =N =iyll(x 1) +iy]
(x = 1)(x +2) —iylx =) +iy(x +2) +y°

Now,

(x =17 +y?
_ (@ =N(x+2)+y® +i[(x +2)y ~(x ~1)y] [ =02 =1]
(x =17 +y?
_ 2
Taking real part, (=N +2)+y” _ 4
(=17 +y
O x2—x+2x =2 +y? =4 (x% 2x +1 +?)
d 3x? + 3y? —9x + 6 =0, which represents a circle.

Hence, zlies on the circle.

Q. 10 Show that the complex number z, satisfying the condition arg

-1 T .. .
%;Q= — lies on a circle.
+1 4

@ Thinking Process

7,0 _
First use, arg Eﬁ%: arg(z,)—arg(z,). Also apply arg(z) =8 =tan 12, where z =x +iy
2

x
_ - s Ox—y0O
and then use the propertytan” ' x—tan”'y =tan_'
property Y %Txy
Sol. Let z=x+ly
) -1
Given that, ar %L =1/4
9 z+1§
O arg (z—-1)-arg(z+1) =1/4
O arg (x + iy =1) —arg (x +iy +1) =1/4
O arg (x —1+iy) —arg (x +1+iy) =1/4
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O tan' Y —tan' Y= qi/4
1

0 Y-Y D

0 tan” D—x”g—ﬂ/él
Ij+§ gD y EI
[bc+1|]|:|
Dc+1—x+1|:|
O E x2—1 Ez
x? —1+y
x2 -1
2y _
O 3 5 =1
x<+ y -1

=
|
®

tan /4

x?+y? -1=2y

x2 +y? -2y -1 =0, which represents a circle.

Q. 11 Solve the equation |z| =z +1 +2i.

Sol. The given equation is‘z‘=z+1+2/ ()
Let z=x+1iy
From Eq. (i), \x+iy\:x+/y+1+2i
0 Jx2+y? sx iy +142 %; |z\+«/x2:y25
0 Va2 = + 1) +i(y +2)

On squaring both sides, we get

x? 4 )2 = (a7 HIE(y 27 +20(x +1)(y +2)
O x2 + Y2 =x? +2x +1 -2 —dy -4 +2j(x H)(y +2)
On comparing real and imaginary parts,

x?+ Y2 =x? +2x +1-)2 -4y -4

ie., 2y2:2x—4y—3 (D)
and 2x+N(y+2)=
(x +1)= Oor(y+2)—0

O x=-lory=-2
Forx = -1, 2y’ =-2 -4y -3

2y* +4y+5=0 [using Eq. (ii)]
- y:—41-1/16—2><4><5

4

q y=_4i4@ OR
Fory=-2, 2(-2) =2x —4(-2) -3 [usign Eq. (ii)]
O 8=2x+8-3
O 2x=30x=23/2
ad z=x+iy=3/2 -2|
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Long Answer Type Questions

Q. 121If|z+1| =z +2(1 +i), then find the value of z.

Sol. Given that, |z+1|=z+2(1+]) (i)
z=x+1Iy
Then, |x+iy+1]=x +iy +2(1 +i)
O |x+1+iy| =(x +2) +i(y +2)
O @+ 1P +y% =(x +2) +i(y +2)

On squaring both sides, we get
(x+ 12 + 2 =(x +2F +i%(y +2)7 42/ (x +2)(y +2)
| x2+2x +1+y° =x% +dx +4 -y -4y -4 +2i (x 2)(y )
O %2+ y? +2x +1=x% - )2 +4x -4y 42/ (x+2)(y +2)
On comparing real and imaginary parts, we get
xZ + y2 +2x +1=x° —y2 +4x -4y

O 2y —2x + 4y +1=0 ..(ii)
and 2x+2)(y+2)=0
O x+2=0o0ry+2 =0

x==-20ry=-2 (i)
Forx = -2, 22 +4+4y+1=0 [using Eq. (ii)]
O 2y + 4y +5=0
O 16-4x2 x5<0
0 Discriminant, D =b?-4ac <0
O 2y? + 4y + 5 has no real roots.
Fory=-2, 2(-2)? —2x + 4(-2) +1 =0 [using Eq. (ii)]
O 8-2x-8+1=0
O x=1/2 1
g z=x+1iy =5 2i

Q. 13 If arg (z — 1) = arg (z +37), then find x — 1: y, where z = x +1iy.

Sol. Given that, arg (z-1) =arg (z + 3i)
and let z=uo +1iy
Now, arg(z-1) =arg(z + 3i)
O arg (x + iy —1) =arg (x +iy +3i)
arg (x —1+1iy) =arg[x +i(y +3)]
tan' Y =tan Y+ 3
x —1 x
O Y Y*3 g g1y +3)
x -1 X
0 xy=xy-y+3x -3 O 3x-3=y
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3x-1) x =1

y

=1 0O

O

w| =

g (x=1:y=1:3

z—2 . .. .
——| = 2 represents a circle. Find its centre and radius.
7 -

Q. 14 Show that

@ Thinking Process

21

2

. . z
If 2,= %, +iy,and z, = x, +iy, are two complex numbers, then | 1| =| 1|, (z, 20), use

)
this concept to solve the above problem. Also, we know that general equation of a circle

isa + 1 +2gx +2 fy +c =0, with centre(—g, — f) and radius =Jd+f-c

Sol. Letz=x+1iy

Given, equation is 2_2‘=2 O 2_2‘=2
z-3 z-3
0 xty2_,
x+iy—3
O ‘x—2+iy‘=2‘x—3+/y‘
O V=272 + 2 =2\/(x -3 +)? E' EXTERES +y25

On squaring both sides, we get
x% —dx + 4+ y? =4(x° -6x +9 +)°)

O 3x? + 3y -20x + 32 =0

20 32 )
] 22+ -+ =0 -.(i)

/ 3 3
On comparing the above equation with x? + y? +2gx +2fy +¢ =0, we get
=20 =10

O 20=—"—" [ =_ -

g 3 g 3
and of=0 O f:Oandc:%
O Centre = (=g, —=f) =(10/3, 0)

Also, radius (1) =/(10/3 + 0 -32/3 [vr=4g?+f -c]
(100 -96) =2/3

W=

Q. 15 If 2 ;1 is a purely imaginary number (z # — 1), then find the value of‘z ‘
z

® Thinking Process
Ifz=x+iyis a purely imaginary number, then its real part must be equal to zero ie,
x=0,
Sol. Let z=x +1iy
EALIE S Tl R
z+1 x+iy+1
_x—1+y _(x-1+y)(x +1-1y)
x+1+iy (x+1+iy)(x+1-iy)
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(% =N +iy (x +1) =iy (x =) =i%y°
(ac + 17 = (iy)?

. z=1_(@® =0+ 2 +ily(x +1) -y (@ -1)]
z+1 (x+ 12 +y?
Given that, 27_1 is a purely imaginary numbers.
zZ+
2 _ 2
Then, w =0
(x+ 1) + 2

x> =1+y? =0 O x%+y" =1

|
O Vel + 2 =41 0 |z]=1 [ 2= yx2 + y?]

Q.16z, and z, are two complex numbers such that \zl\=‘zz‘ and

arg (z,)+arg(z,) = 1 then show that z, = - z,.
Sol. Letz =1 (cos6, +isin®)and z, =1, (cos B, + isin8,)are two complex numbers.
Given that, |z =]z
and arg(z)+arg(z,)=m
i 2/=|2|
O L=r -.(i)
and if arg(z)+arg(z,)=m
O 6,0,
O 6,7t 0,
Now, z, =1, (cos B, +ising,)
O z, =1, [cos(-8,) +isin(T- §)] [vr=randB =(m-86)]
O z, =1, (-c0s B, +isin6,)
O z, = -1, (cos 8, —isin®,)
O z, = —[r, (cos B, —isin6,)]
O z=-12 [z, =r,(cos B, —isin6,)]

Q.171f|2,|=1(z, - 1)and 2, = -

1
, then show that the real part of z,
z;+1

is zero.

Sol. Let zZ =x+ly
O 2| = +y* =1 [ |z|=1 given] ...()
Now, 22=L_1:L'y_1
zp+1 x+iy+1
_x=1+iy _(x=1+iy)(x +1-1y)
CxHd4ly (@ 1H)(x 1)
_xP =14y (1) —iy (v =) =%y
(x + 17 =77y
_xf =iy +y —iny +iy )
(@ + 17 + )
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2 2 _ . _ .
_x“+y 21+22/y= 1 1-21-2/y2 [+ 2% + 2 =1]
(c+)+y (x+ 17 +y
-0+ 2yi
(x+1)° + 2

Hence, the real part of z, is zero.
Q. 18 If z,, z, and z;, z, are two pairs of conjugate complex numbers, then

. 0z, O [z, O
find arg G—[+ arg -1
(z, 0 [z, 0

@ Thinking Process
First let, z=r(cos® +isin®), then conjugate of z ie, z=r(cos® —isinB). Use the

roperty ar; %Z—%—ar (z,)—arg(z,)
property gEtZD 8 (Z4 8gl2,).

Sol. Letz =r (cos8, +ising,),

Then, Z, =z =1,(cos 8, —isin®)=r[cos(—6,) +sin(-6,)]
Also, let z; =1, (cos 6, +isin®,),
Then, z,=23="1, (c0s B, —isin@,)
Uz O [z, 0
argg—0+ arg 2 0=arg(z,) —arg (z,) +arg (z,) —arg (z3)
Oz, O Oz, O
=6 —(-8,) +(-8) -8, [-arg (2) = 6]
=6 +6,-§-68=0
Q.19 If|z)| =|z,| =+ =|z,| =1, then show that
_ 1 1 1
‘zl + 2, 42y He +zn‘_ Sl R Al |
Z1 2 Z3 Zp
Sol. Given that, ‘21‘ = ‘22‘ =.. =‘zﬂ‘ =1
2 2 2
O ‘21‘ :‘22‘ :...:‘Zm‘ =1
O 22y = 2,2y = 2325 = = 2,2, =1
U Z1:_iv22:_i: =2, :_i
Z, Z, Zn
Now, [z + 2z, + 253 +2, + +2)
=44 4 %% 4 2% L 4 BP0 o z, z=1 where z, = —, z, =7 . Z =70
Z, Z, zy Z, z-z B
_1z® 0zl 1z, Lz
Z 2 Z3 Z
= ;+;+;+~~
Z, Z, Z

1 1 1

= —+ — + -+
Z Zy Z,

Hence proved.
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Q. 20 If the complex numbers z, and z,, arg (z,) — arg (z,) =0, then show

Sol. Let 7, =1 (cos 8, +isin®,)
and Z, =1, (COs B, +isinB,)
O arg(z)=6, and arg(z,) =6,

Giventhat, arg(z)-arg(z,)=0
6-6,=0 06,8,
z, =I,(cosB, +/sin ) [-6, =6,]
z, = 2z, =(r,c0s8, —r,c086,) +/ (sinB, —r,sing,)

EREA :\/(qcose1 -1,c088,)° +(5sin@, —r,sin)

- [2 42 _ 2p _ 2
—\/q + 15 =2 1,c08°0; —2n,sin" 6

=2 + 17 ~2r1,(sin’8, +cos’8,)

7 E - fiaF

0 |2-2) =5 -, bor=l2])
=|z| |z Hence proved.
Q. 21 Solve the system of equations Re (z%) =0, z‘ =2.
Sol. Given that, Re (z2°)=0, z|=2
Let z=x+iy
2= 4y
lxz + y2 =2
O x4yt =4 (0
and Re(z)=x
Also, z=x+1y
O 722 = x% + 2ixy - y?
a 22 = (x% = y) + 2iny
| Re (%)= x? - % [ Re (z?)=0]
| ¥ -y2 =0 ()
From Egs. (i) and (i),
x2+x% =4
2x2=4 0O x°=2
x=+2
|:| y: i\/E
z=x+1iy
0 z=2 £i2, -2 £i\2
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Q. 22 Find the complex number satisfying the equation z + V2 ‘ (z+ 1)‘ +i =0.

Sol. Given equation is Z+2|(z+ )|+ =0 0)
Let z=x+1iy
a X +iy+2|x +iy+1| +i =0

O x+/(1+y)+@§/(x+1)2+y2§:o

O x+i(+y)+42x® +2x +1+)°) =0
| x+ 22 +2x +1+)y° =0
0 x2=2(x% +2x +1+y°
| x% + 4x +2y% +2 =0 (D)
1+y=0
O y=-1
Fory=-1 x®+4x+2+2=0 [using Eq. (ii)]
O x2+4x+4=0 0O (x+2P°=0
O x+2=0 0O x=-2
d z=x+iy=-2 -
. 1-7 .
Q. 23 Write the complex number z = — i’ polar form.
cos— +isin—
3 3
~1 .10
. N/ ELy L
Sol. Giventhat, z= 1= = B2 2H
Tt Tt Tt

cos T+ isin" cos— + isin—
3 3 3 3
_ —~2[cos(mt~ 174) +isin( T 9]
cos Y3 + /sin (3
_ —2[cos314 + isin3 174]
cosTy3 + /sin 113

el

=-\2 50857114_ /'sin57ﬂD
12 128

Q.241f z and w are two complex numbers such that |zw|=1 and

arg (z) —arg (w) = 1—; then show that z w = —1.

Sol. Let z=r (cos®, +isin6) and w=r, (cos B, +isinb,)
Also, lzw|=|z||w|=n 1, =1
O nry =1
Further, arg (z)=6, andarg (w) =86,
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But arg (z) —arg (w) =g
s
0 6,-6, = 5
z s
O ="
arg%% 5
Now, to prove zw = =i
LHS = zw

=1r(cos 6, —isin®)r, (cos B, +isin§,)

=1nr[cos(@, —6,) +isin(6, —6))]

= pp[cos(=192) + isin (- 172)]

=1[0-/]

=-j=RHS Hence proved.

Q. 25 Fill in the blanks of the following.
(i) For any two complex numbers z,,z, and any real numbersa, b,

\az1 —bzz\2 +\bz1 +azz\2 =

(i1) The value of /=25 x /9 is ...
(1-1)°
1-i°
(iv) The sum of the seriesi +i% +i> +--- upto 1000 terms is ...

(i11) The number is equal to ...

(v) Multiplicative inverse of 1 +7is...
(vi) If z, and z, are complex numbers such that z, + z, is a real number,
thenz, =--
(vii) arg (z) + arg z where, (z £0) is ...
(viif) If |z + 4| <3, then the greatest and least values of |z + 1] are ... and

(ix) 1F 222

T .
= —, then the locus of z is ...

z+2

(x) If|z| = 4and arg (z) = 5% thenz = .-

Sol. (i) |az, - bz,[* +|bz, +az,[
=|az, ‘2 +|bz, \2 ~2Re (az, [bz,) +|bz, ‘2 + |az, ‘2 +2Re (az, [b2,)
=@ + 0|z +@ +b?)|z[
=(a® +bz)(\z1 ‘2 +|z, ‘2)
(ii) V=25 x /=9 =i/25 xj/9=i? (5% 3) = 15
i (1:2”’3 ) (1—/51(1_1)/1/2)
(=i _1+i® -2 _-2i _
! / i

= = -2
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(iv) i +i%+i%+ _upto1000terms =i +i2 +i3 +j* +... /1% =0
O 0 e s S g
oy " +i"T + 072 473 =0, where n ONi e, Z/”z og
0 n=1 0
(v) Multiplicative inverse of 1+ :L—g :1(1 )

(vi) Let z =x, + iy, and z, =x, + iy,
2y + 2, =(x; +x5) +i(y, +Y,) which is real.
If z+2zyisreal theny, +y, =0

O ==">z
B Z2 =X —1y;
O Z, = 74 [when x; = x,]

(vii) arg(2) + arg(z), (z % 0)
O 8+ «0 )=0

(viii) Given that, ‘z +4 ‘ <3
For the greatest value of ‘ z+ 1‘,

O0 \z+1\:\z+4—3\s\z +4\ +\—3\
:\z+4—3\53+3
=‘z+4—3\s6

So, greatest value of ‘z+ 1‘ =6

For, now, least value of |z + 1‘, we know that the least value of the modulus of a complex
number is zero. So, the least value of ‘z + 1‘ is zero.

(ix) Given that, 2‘2‘:3
z+2 6
0 ‘x+/:y_2‘:];[ 0 ‘x_2+i'y‘=ﬂ
|x+iy+2| 6 |[x+2+iy| 6
O Blx -2 +iy| = Mx +2 +iy|
o 8 2P + 2 = my(x +2)° +y°
O 36[x” + 4 —dx + y°] = 1€ [x° +4x +4 +)°]
0 (36— 1) x° + (36 — 1¢) y* —(144 + 4 1¥)x + 144 + 41° =0, which is a circle.
(x) Giventhat, |z| = 4and arg (z)=571T
Let z=x+iy =r(cos® +isin 6)
O |z|=r=4and arg(2)=9
tane—@
6
TT .
O z = 4[Tos— + isin—[= 4 [cos(Tt 6) +isin( -
pos . - 116) 16)]
_,0 03 .
=45 cos ™ +jsin U= 4 + = =243 +2i
B 6 68 He 2H‘
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True/False

Q. 26 State true or false for the following.
(i) The order relation is defined on the set of complex numbers.

(ii) Multiplication of a non-zero complex number by —i rotates the point
about origin through a right angle in the anti-clockwise direction.

(iif) For any complex number z, the minimum value of |z| +|z = 1/is 1.
(iv) The locus represented by |z —1| =|z —7|is a line perpendicular to the
join of the points (1 0) and (0, 2).
(v) If z is a complex number such that z#0 and Re (z) =0, then,
Im (z2) =0.
(vi) The inequality |z — 4 <|z —2| represents the region given by x > 3.
(vii) Let z, and z, be two complex numbers such that |z, + z,| =|z,| +|z,
thenarg (z, —z,) =0.
(viii) 2 is not a complex number.

’

Sol. (i) False

We can compare two complex numbers when they are purely real. Otherwise comparison
of complex number is not possible.

(i) False
oo_ooo .
(x,y) = which is false.
HH B
(i) True
Let z=x +iy

2|+ |z=1] =4fx? +y2 + o -2 +y2

If x =0,y =0, then the value of | z| + |z -1| =1.

(iv) True
Let z=x+iy
‘2—1‘ =‘z—/"
Then, ‘x—1+iy‘:‘x -i( —y)\
(x =17 +y% =x® + (1 -y
x? —2x +1+y% =x? +1 4% -2y
-2x +1=1-2y
—2x +2y =0
x-y=0 ()
Equation of a line through the points (1, 0) and (0, 1),
y=0=1S (-
] y=—( -1 0 x+y=1 (D)}

which is perpendicular to the linex -y =0.
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(v) False
let z=x +1/y, z#0 and Re (2)=0

ie., x=0
g z=1y
Im(z%) = i2y? = - y2 which is real.
(vi) True
Given inequality, |z-4|<|z-2|
Let z=x+1Iy
O |x =4 +iy|<|x -2 +iy|
0 Y =47+ <l -2+
O (x =4 +y* <(x -2 +y*
0 x%-8x +16 + y? <x® —4x +4 +)°
O - 8¢ 18- 4xt 4
O - 8x - 4e 12
O - 4x - 12
0 4x>12
O x>3
(vii) False
Let zy=x +ly; and z, =x, + iy,
Given that, |z, + 25| =|z| + |z

ey iy +xp H Y| S|y |+ Hiyy|
O o+l + 0+ ) =yl el + )
On squaring both sides, we get

(cp + 20,07+ (yy + o) =(x7 +37) +xs + v3) + 2 + y7) (x5 +Y5)

O af + a3 + 2000, + 7 + Y5 +2)y, =af + )7 + a5 + Y5 +2 [0 + 2) (62 + )

u 2xyx, + 21y, =2y(xf +¥7) (x5 +3)
0 xixp + ViYp =(6F + V)5 +y3)
On squaring both sides, we get

2.2, .22 _.2.2 2, .22, 22
XPXG + VOYE +2x %oy, Saiah +yixg + xlyh + Y

(1Yo —x2y1)2 =0

X1Yo = XY
N
Xy Xp
0 FiA-F2B=0
O, 0 Ox, O
O arg (z)—arg (z,) =0
(viiiy True

We know that, 2 is a real number.
Since, 2 is not a complex number.
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Q. 27 Match the statements of Column A and Column B.

Column A ColumnB
(i) The polar form of i + +/3 is (a) Perpendicular bisector of segment
joining (=2,0)and 2, 0).
(i) Theamplitude of =1+ /=3 is (b)  Onoroutside the circle having
centre at (0, — 4)and radius 3.
(iii) h‘Z'FZ‘:‘Z —2Lthen|ocusofzis (Q) 2m
3
(iv) It‘z + 2/" =‘z —2/‘,then locusof zis | (d) Perpendiculor bisectar of segment
joining (0, =2) and (0, 2).
(v) Region represented by © 5 T, iin T
%ﬁos 5 isin (:%
(vi) Region represented by‘z + 4\53 is ) On or inside the circle having centre
(=4, 0) and radius 3 units.
Vi) Conjugate ofi]]+ %/ lies in (@ Firstquadrant
=i
(viii)  Reciprocal of 17 liesin (h) Third quadrant
Sol. (i) Given, z=i++/3 =r(cos +sinf)
rcos 0 =+/3,rsin@ =1
O rP=1+3=4 0O r=2 [ r>0]
O tana = M = i
rcos®| /3
1 s
O tanao= = 0 oa=—
V3 6
x>0 y>0
s
and arg(z)=06= s

So the polar form of z is 2 %:osg + /singmé

(ii) Given that,

z=-1+/8=-1+i3

U tana=ﬁ:\73
O tana=tan ' O o=2
3 3
Y
A
Xe—29 > X
A
YI
x<0 y>0
O B=1mT—-0O =T[_T;[=27T[
3 3
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(i) Given that, |z+2|=]|z-2]

O \x+2+/‘y\:\x -2 +/y\

u (x+2F +y? =(x =2 +y?

O ¥ +4x +4=x2 -4x +4 0O 8x=0

g x=0

It is a straight line which is a perpendicular bisector of segment joining the points (=2, 0)

and 2, 0).
(iv) Given that, ‘z +2i ‘ = ‘ z —2/"

O \x+/(y+2)\:\x+i(y—2)\

O a2+ (y+2)7 =x® +(y 2

0 4y=0 O y=0

It is a straight line, which is a perpendicular bisector of segment joining (0, —2)and (0, 2).
(v) Given that, |z+4i|23=|x+iy+4i|23

O :‘x+i(y+4)‘23

| = x? + (y+472 23

O = %% (¥ 4% 9

a = x% y* 8y 1& 9

=x? +y? +8y +7 20

Which represent a circle. On or outside having centre (0, — 4) and radius 3.

(vi) Given that, |z+4|<3
O |x+iy+4|<3
O |x+4+1iy|<3
d (x + 4?2 +y? <3
| (x + 472 +y? <9
| x% +8x +16+y° <9

| x%+8x +y? +7 <0
It represent the region which is on or inside the circle having the centre (-4, 0)and radius 3.
Z=1+2/’ _(1+2)(0+1i)
1-i A=+
1420+ +2i% _1-2+3i _-1+3j
T T
-1 3/

a z=_->0
2 2

Hence, @; ;Elies in third quadrant.

(vii) Given that,

(viii) Giventhat, z=1-i
0 L L b :1(1+/)
z 1-i (=-i{d+i) 1-i2 2

Hence, % %@Iies in first quadrant.

Hence, the correct matches are (a) - (v), (b) - (i), (c) - (i), (d) > (iv), (e) - (i),

(®) - (vi), (@) ~ (viii), (h) — (vi)
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Q. 28 What is the conjugate of (12_7?

- 2i)?
Sol. Given that, z= 271 - 27
(=207 1+ 4ic =4
=_2-F . 2-i
1-4-4i -3-4i
_ @-) __D0@E-)@E-4)0
~3+4) Ha+aihE-4)H
__Hb-8i - 3/+4/E _ (-1 +2)
o 9+16 ] 25
-1 ) 1
=—@-1) 0 z=—(-2+11
25( ) 25( )
0O Zzi( 2—11/):;2 ﬂ
25 25 25
Q.29 If|z|= = z,.
Sol. Given that, \Zw\:\zg\
Let zy=x+iyy and z, = x, +1y,
= oy + iyy| = x5 + |
: w4 f =
. i =ad =15
. X=X =1y,
O Zy=xy +ly, orzy =xx, iy,
Hence, it is not neccessary that z, = z,.

Q 30 If ——— (@ +1y = x +1iy, then what is the value of x% + y?

2a —1i
2 2 2 2
Sol. Given that, u:xﬂy 0 u:xﬂy
2a-i (Ra-1)
0 @ +1°Ra+i)_ % +iy
a-iyRa+i)
2 2 :
0 (@ +1) (2a+/)=x+/'y
4a° +1
2 2 2 2
0 _2a@ +1) and _@+1
48° +1 4a° + 1
O x° +y =4a ga +12D Qa +12D

|:|4a +1E |:|4a +1E

:(4a + W@ +1)* - @ +1*
(48 + 1) (4a” +1)
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Q. 31 Find the value of z, if|z] = 4 and arg (z) = oM

Sol. Let z=r(cos B +isin6)
Also, z|=r=4and 8=""" [+ arg (2) = 6]
6
5Tt 51 .
O z=4 £os— +jsin=— s Z=r(cos B+ isin
oy 100D G
rr . B
4 - _n
%osﬁn 6%+/sm%n 6%

Tt
cos - + isin1o

68

0
E

45—\@ 1 -243 +2i
o2 2D

4

(2+1)
B+ [

Q. 32 Find the value of | (1 +1)

® Thinking Process
First, convert the given expression in the formed a + ib, then use ‘ a+ ib‘ =d +1.

Sol. Given that, (1+/')(2+/)‘= (2+/+2/,+/ )‘= 2+3/_ !
@+i)| @+i) | 3+
_|1+ 8| _|a+3)E-i)
3+i| | (3+i)3-i)
_|8+9i-i-3°|_[3+8/+3 :‘6+8/
9+1 10

6, 8% _ [36+64_ [100 _,
100 100 \ 100 V100

Q. 33 Find the principal argument of (1 + i\/g)z.
® Thinking Process
Let z=a +ib, then the polar form of z is r(cos® +isinB), where r = ‘z‘ :\/mand
tan® :é (Bere, © is argument or amplitude of z i.e, arg (z) =8. The principal argument

a
is a unique value of © such that — TI< B< Tt

Sol. Given that, z=(1+iV3)
U z=1-3+2i/3 0O z=-2+i243
g O
O tana-i ‘ f‘ D tana = Im(2) .
O Re (2)| g
0 tana =tan' O a="
3 3
Re (z)<0andIm(z)>
L 2TI
o arg(z)=m-— 0O =2—
9(2) 3 2
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51

Q. 34 Where does z lie, if =1

zZ+

® Thinking Process

— 4 - . _[2, 2 _[2. 2
lfz1—><1+/,vwandzz—)<2+o)/2,th(3rv‘z1‘—wq+y1 and‘zz‘—\lxz+y2 .

. ‘ZW‘
Also, use the modulus property ie,|—|=+—,
%l |2l
Sol. Let z=x+1ly
Given that, Z- 5’, S ER 5/'
z+ 5 x + Iy + 5i
- z=5i|_|x+ily-9)
z+ 5| |x+i(y+5)
. 2= 5i] _ Jx® + (y -5
248 e e (v 5P
On squaring both sides, we get
x® + (y=5f =x® +(y +5)
O - 10y + 10y
O 20y =0
O y=0
So, zlies on real axis.

Objective Type Questions

z=5 | _
z+ 5]

Q. 35 sinx +icos2x and cosx —isin2x are conjugate to each other for

1gm
(@) x =nTt (b)x:%]+—%—
2u2
(©x=0 (d) No value of x
Sol. (d) Let 7z =sinx +icos2x
and Z =sinx —icos2x
Given that, Z=cosx —isin2x
O sinx —icos2x =cosx —isin2x
O sinx = cosx and cos2x =sin2x
O tanx =1and tan2x =1
O tanx = tan-~ and tan2x = tan"
4 4
0 x:nT[+Eaﬂd2x=ﬂT[+1—T
4 4
0 2x-x=0 Ox O
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Q. 36 The real value of a for which the expression

(@) (n + 1)? (b) 2n +1) (©) nt

ISEE|

where, n ON
® Thinking Process

sina . .
————is purely real is
1+ 2isina

(d) None of these

First, convert the given expansion into a + ib form and then check whether the complex

number a +ibis purely real.

1-isina

1+ 2isina
(1=isina)(1-2isina)
(1+2isina)(1-2isina)

Sol. (¢) Given expression, z =

_1-jsina -2isina +2i°sin’a

1-4i%sin®a
_1-3isina -2sin’a
1+ 4sin’a
_1-2sina _ 3isina
1+ 4sina 1+ 4sin® a
It is given that zis a purely real.
0 - 3sina _ 0
1+ 4sin’a
O - 3sine 0 O sina=0
a =nm

Q. 37 If z=x +iy lies in the third quadrant, then

quadrant, if

@x>y>0 (b) x <y <0 (Oy<x<0

Sol. (b) Given that, z = x + iy lies in third quadrant.

x<0and y<O.
z .y — N =i 2 _ 2 _o;
Now, Z_x—ly_(x-ix-iy) _x" —y -2y
z oxtiy @rie-iy) 2%+ )P
zZ_x"-y 2y
z x2+ 2 x2+4 )P
Since, 2 also lies in third quadrant.
z
2 _ 2 _
0 ¥~V <o0and 22xy <0
Xty x2 + 2
x? -y <0 and -2xy<0
o x?<y? and ay>0
So, x<y<O0
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Q. 38 The value of (z + 3) (z + 3) is equivalent to

(@) ‘ z+ 3‘ : (b) ‘ z - 3‘ (©z>+3 (d) None of these
Sol. (@) Giventhat, (z+ 3)(z + 3)

Let z=x+1iy

a (z+3)(z+3)=(x +iy +3)(x +3 —iy)

=(x + 3P ~(yf = (v + 37 +?

=|x +3+iy|°=|z+3|°

m+ig
Q.391f—0O =1, then
=10
(@ x=2n+1 (b) x = 4n (©x=2n (d)x =4n+1
where, n ON
Sol. (b) Given that, %l% =1
o-id
. m+ia+nd o O+2i+i2d
1-)+n{ 2o B
o2 o i
0 =1 0 ZF-=1
30 g
| =10 i*=(3") [O/%: 1,/ N
O x =4n
. . [B-4ix0d . .
Q. 40 A real value of x satisfies the equation ———O=a —ip (o, B OR), if
B+ 4ix[
a? +p?is equal to
(a1 (b) -1 (0) 2 (d)-2
Sol. (a) Given equation, ME=G -iB @ BOR)
B+ 4ix0
B-4ix0O .
0 =a -
E§+ 4/'x% oa-p
Now @ -ip)= BT 4)E - 4ix) 9+ 16i°x° —24ix
’ (3 + 4ix)(3 - 4ix) 9 -16i2x2
g a_iB:9—16x2—24/'x
9+ 16x°
o 9-16x° i24x .
O a-B= -
P 9+ 16x° 9+ 16x° 0
0 G+I.B_9—16x2 . i24x )

T o+16x2 O+ 16x7
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N

_ 2|:| . 2
So, (a-iB)e+B)= 210 _%’24’“2@
9+ 16x“ 0 +16x

0 o2 4+ p? = 81+256x" -288x? +576x°
(9+16x2)
_ 81+256x" +288x°
(9 + 1627y
(9 +16x%) _
(9+ 1622

Q. 41 Which of the following is correct for any two complex numbers z, and z,?

(a) ‘ 2122‘ =‘ 7 H Z, ‘ (b) arg (z,z,) = arg (z;) Carg (z,)
(© |z, + 29| =|z1| +|2] Az, + 25| 2|2 ~|z]
Sol. (a) Let z, =1 (cos®, +isin®)
O z| =1 (1)
and Z, =1, (C0s 6, +isinB,)
] 2| =1, .. (i)
Now, 2,2, = fr,[cos 8,cos B, + isin 6,cos B, + icos 8;sin B, + i sin fsin 6]
=1nr,[cos®, +6,) +isin(6 +8,)]
] |212,| = 1,
O ‘2122‘ = ‘21‘ ‘zg‘ [using Egs. (i) and (ii)]

Q. 42 The point represented by the complex number (2 - 1) is rotated about
origin through an angle 5 in the clockwise direction, the new position

of point is
(@1+2i (b) =1-2i (©2+i (dy—-1+2i
@ Thinking Process

Here, z <ia is a complex number, where modulus is r and argument (8 + Q). If P (z)
rotates in clockwise sense through an angle o, then its new position will be z(0 —ia).

Sol. (b) Giventhat,z=2 -/
It is rotated about origin through an angle g in the clockwise direction

O New position = ze ™2 =2 - j)e™™?
P s . _ 5 _ivrp =i
=@-1 %os%@+ isin %‘%’ @-0n[0-1]
=-2i -1=-1-2j
Q. 43 If x, y OR, then x + iy is a non-real complex number, if
(@x=0 (b)y=0 (0)x %0 (dyy#0

Sol. (d) Giventhat, x, yOR
Then, x + jyis non-real complex number if and only if y # O.
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Q.44 1fa+ib =c +id, then

@a’+c?=0 (b) b% + c* =0

©b*+d*=0 dya?+b*=c?+d?

® Thinking Process

If two complex numbers z, = x, +iy,and z, = x, + iy, are equal, then

2)=l] O {2+ =+

Sol. (d) Given that, a+ib=c+id
O \a+/‘b\=\c+/d\
O Ja? + b2 = c? +a?

On squaring both sides, we get
a2 + b2 :C2 +d2

Q. 45 The complex number z which satisfies the condition

1+2Z

1=z

=1 lies on

(a) circle x? + y? =1 (b) the X-axis
(c) the Y-axis (d) the linex +y =1
Sol. (b) Given that, '. Rl
i-z
Let zZ=x+iy
. i+ |y g @I
—x —i(y -1 xZ+ (y—1)?
d x? 4+ (y+1F =x® +(y -1f
O 4y=0 0O g O

So, zlies on X-axis (real axis).

Q. 46 If z is a complex number, then

@|z? >|z| b 2*| =[z|*  (©@]z°<|z|*

Sol. (b) If zis a complex number, then z = x + iy

2| =|x+iy| and |z|* =|x +iy|?
. 2|7 =x?+y?
and 22 =(x + iy =x° +i%° +i2xy

22 =x% -y +i2xy

| 22| = J(x® = y?F + @y

| 22| =\/x4 +y* —ox2)2 + 4x2)?

O 0o o O

|2 =x®+y?
From Egs. (i) and (i),
|12 =|2°|
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Q. 47|z, + z,| =|z,| +|z,| is possible, if

@z,=7 (b) Z,=—
Z
(c) arg(z;) = arg (z,) (d |z, =z,
Sol. (¢) Given that, 2+ 2,| =| 2| +| 2|

O |r(cos® +isin 8) +r, (cos B, +isin 6)| 7 (cos § +isin )
+|r,(cos 8, +isin,)|

O |(hcos 8, +1,cos6) +i (7sin6 +1,sin6,)| = +1,

0 JiPcos®e, +2cos’8, +217, cos 8,cos B, +i7sin @ +i2sin’e,

J*2nn, sin@sing, = +1,

O \/rf + 2 +2r,[cos@ —8,)] =5 +1,
On squaring both sides, we get

2, 2 —2 42
L°+ry +2n,c080 —8,) =" +1; +210,

] 2rr,[1-cos (6 -8,)]=0
O 1-cos(® -6,)=0
O cos (8 —-6,) =1
O cos(®, - 6,) =cos0°
0 6,9 ,=0°
0 0,8,
a arg (z) =arg (z,)
. . 1+47cosB . )
Q. 48 The real value of 8 for which the expression ————— is a real number is
1-2icosO

i a T
(a)nT[+Z (b) nTU+ (= 1) "
(c)2nmt g (d) None of these

1+icos® _ (1+icos)(1+2icosb)
1-2icos® (1-2icosB)(1+2icosb)
_ 1+ icosb +2icos +2/°cos” 0

Sol. (¢) Given expression =

1-4i°cos®0
_ 1+ 3icosb -2cos” 6

1+ 4c0s0

For real value of 6, LOSG =
1+ 4c0s® 6

0 3cos0=0
0 cosB =cos n

2
O g=2nms

2
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Q. 49 The value of arg (x), when x <0 is
@0 (b) = ©m

2
Sol. (c) Let z=x+0i and x<0

2| = (=17 +(0%) =1

Since, the point (x, O)represent z = x + 0/ lies on the negative side of real axis.
0 Principal arg (z)= 1t

(d) None of these

2
Xt z X
3n
2
71—z . .
Q.50 1If f(z) = >, Where z =1 +2i, then \f(z) ‘ is equal to
1_
(a)B b)| z|
2
(C)2‘Z‘ (d) None of these
Sol. (a) Let z=1+2j
0 2| =T+ 4 =45
Now, f=l"2= 712
1-22 1-(1+2i)p
_ 6-2i _6-2i
1-1-4i% —4i 4-4i
_ (B-he+2i)
@ -2i)@ +2i)
_6-2/+6/ -2/ _6+4i+2
4 - 4j° 4+4
:8+4/:‘]+1f
8 2
fz)=1+ 1
2
O 12)|= 1+ = 4+1_V5_|7|
4 4 2 2
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